
On the solution of the steady state equation for two-species annihilation

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1993 J. Phys. A: Math. Gen. 26 1007

(http://iopscience.iop.org/0305-4470/26/4/027)

Download details:

IP Address: 171.66.16.68

The article was downloaded on 01/06/2010 at 20:52

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/26/4
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A Math. Gen. 26 (1993) 1007-1008. Printed in the UK 
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Abstract. It is shown that for a particular physical situation the steady state equation 
describing two-species annihilation possesses a simple analflic solution. 

A recent paper by Ben-Naim and Redner (1992) was concerned with solving the 
equations describing the steady-state two-species annihilation process A+ B + 0, and 
for the various physical situations in which they were interested, they obtained approxi- 
mate solutions. The fact that they were unable to obtain exact solutions is not surprising 
since the relevant differential equations are coupled, second order and nonlinear. The 
purpose of the present communication is to point out that there exists a particular, 
well defined physical situation for which the equations do possess a simple analytic' 
solution. 

We consider diffusion of the two species in the x direction and let CA(x) and CB(x) 
be the concentration of A and B respectively. Then in the steady state CA and C, satisfy 

DA d2CJdxZ= kCACB 

DB d2CB/dx2 = kCACB 
where D A ,  DB are the respective diffusion coefficients for A and B, and k is the reaction 
constant. We now define c A = ( k / D B ) C A ,  c B = ( k / D A ) C B  and obtain 

d2CA/dX2= CACB @a) 
d2cB/dx2 = cAcB. (2b)  

We suppose that the source of both species is at x = 0 and that diffusion occurs within 
the interval 0 < x < m. At x = 0 we consider two types of boundary condition: either 
that cA and cB are each maintained constant at the same value co, or that there is the 
same input flux Jo for each of the two species. These conditions correspond respectively 
to 

CA(0) = CB(0) =c,  ( 3 4  

cA(0) = c~(O) = -kJo/DADB. (36) 
At x = m there will be complete mutual annihilation of the two species corresponding 
to the infinite time required to diffise there and the second boundary condition therefore 
takes the form 

and 

CA(c0) = CB(c0) = 0. (4) 
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To solve these equations we let c-(x) = cA(x) - cB(x), when c-(x) satisfies d2c-/dx2 = 0 
together with boundary conditions cJW) = 0 and either c-(O) = 0 or cl(0) = 0. In both 
cases the solution is c-(x) = 0 corresponding to cA(x) = cB(x), and allowing equations 
(2) to be expressed as 

d2c/dx2= [~ (x ) ] ’  (5) 
(cA= cB = c) with boundary conditions (3) and (4). For boundary conditions ( 3 a )  and 
(4), equation (5 )  has the simple solution 

with J ( x ) / J ( O ) = [ l + ( c 0 / 6 ) ~ ~ ~ x I ~ ~  and J(O)=(~/V%)D~D,C;/~/~,  being thus propor- 
tional to cy2.  For the boundary conditions ( 3 6 )  and (4) the solution of equation (5) is 

6 
[( 12DaDB/W0)”3+ XI’ c(x) = 

and 
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